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Abstract 
In turning process, the volumetric errors of lathe are incarnated as the displacement between tool and workpiece, and finally mapped to the 
turning surface. It leads to the ups and downs of the workpiece surface topography. Therefore, the volumetric errors of lathe attach great 
importance to the turning surface quality. In this paper, a model for surface topography prediction in cylinder turning considering volumetric 
errors is proposed. It allows the topography and the roughness values of turning cylinder to be predicted. Some simulation experiments are also 
carried out to analyze the effect of volumetric errors on the quality of turning cylinder in this paper. 
© 2015 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Surface quality has a great impact on the performance of 
the parts, and also is an important indicator of product quality.  
It is determined by the surface morphology. In the processing 
of material removal, the forming process of machined surface 
can be seen as Boolean subtraction of tool geometric profile 
along the tool path on the workpiece   surface. Therefore, the 
surface contour of the workpiece is directly determined by the 
relative displacement between the tool and the workpiece. 
This relative displacement is also known as integrated 
volumetric errors, which cause the tool position to deviate 
from commanded position. Up to now, many researchers have 
established the volumetric errors model applied to multi-axis 
machines based on rigid body dynamics and homogeneous 
transformation matrix (HTM) [1-4]. But these research works 
didn’t consider the impact of spindle volumetric errors. J.-P. 
Choi et al [5] has proposed a modified volumetric errors 
model that includes both guide way volumetric errors and 
spindle volumetric errors, and predicted the roundness error of 
the workpiece. However, the volumetric errors model is 
applied to multi-axis machines. It cannot be copied to lathe 
without any modification, as the structure of lathe is different 
from the multi-axis machine like grinding machine and 
milling machine. At the same time, little research work has 
analyzed the effect of volumetric errors on the surface 
roughness of turning cylinder. 
In this paper, an integrated volumetric errors model applied 
to lathe is developed, and the spindle volumetric errors are 
also taken into account. By simplifying the integrated 
volumetric errors model, three critical volumetric errors 
which affect the quality of turning cylinder surface are 
determined.  Meanwhile, through the method proposed by 
Zhou Lei et al [6] and CF Cheung et al [7], the integrated 
volumetric errors are mapped to the turning cylinder surface 
based on cutting theories. Finally in order to evaluate the 
effect of the volumetric errors on the quality of turning 
cylinder independently of one another, an orthogonal 
experiment has been designed. 
2. The description of blade machining error 
Generally, a lathe is mainly composed of lathe bed, spindle, 
slide carriage and cutting tool, as shown in Fig.1(a). It 
contains two linear moving elements (two guide ways) and 
one rotational moving element (one spindle). As we all know, 
all these moving elements have 6 possible volumetric errors 
(three translational errors and three rotational errors). 
Meanwhile, there is a squareness error between x-guide way 
and z-guide way. Therefore, a lathe usually has 19 volumetric 
errors as shown in Table.1. 
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Table lThe volumetric errors of lathe 
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Based on the multi-body system theory and the structure of 
a lathe, the turning system can be divided into tool chain and 
workpiece chain. The tool chain contains lathe bed, z-guide 
way, x-guide way, and tool. The workpiece chain consists of 
lathe bed, spindle, and workpiece. The topology of a lathe is 
shown in Figure.1(b). 
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Fig.1(a)Schematic diagram of a lathe (b) Lathe topology 
Therefore, the integrated volumetric errors model for lathe 
has two submodels. The one is the tool volumetric errors 
model, the other one is the workpiece volumetric errors model. 
The reference coordinate system (RCS) is established on the 
lathe bed.  Other local coordinate systems are established on 
corresponding components. In order to simplify the 
calculation, setting the origin of all coordinate systems is 
located on the centre of the workpiece at initial state in 
addition to the tool coordinate system (TCS). 
2.1. The integrated volumetric errors of the lathe tool  
The integrated homogenous matrix of the lathe tool can be 
obtained by successivelymultiplying the homogeneous 
transformationmatrices of neighbouringlinks in the kinematic 
chain from the reference coordinatesystem to the tool 
coordinatesystem [3]. Assuming that zmrepresents the moving 
distance of slide carriage in the negative direction of axis z, 
the HTM from slide carriage to lathe bedcan be represented as 
Eq. (1): 
2
1
1 ( ) ( ) ( )
( ) 1 ( ) ( )
( ) ( ) 1 ( )
0 0 0 1
z m y m x m
z m x m y m
y m x m m z m
z z z
z z z
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H H G
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(1) 
In actual turning process,the moving direction of the 
cutting tool is inconsistent with the x direction of the slide 
carriage.  There is a small angle between the moving direction 
of the cutting tool and the x direction of the slide carriage, 
known as the squareness errorφxz.Assuming that xmis the 
moving distance of slide carriage in the positive direction of 
axis x, the HTM from the tooltoslide carriage can be 
expressed as Eq. (2): 
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( ) ( ) 1 ( )
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           (2) 
Therefore, the integrated homogeneous matrix of the lathe 
tool can be obtained by Eq.(3): 
3 2 3
1 1 2T T T                                                                                 (3) 
2.2. The integrated volumetric errors of the lathe tool  
The workpiece chain just consists of spindle and 
workpiece.When the spindle rotates angle isº , the HTM 
from the spindle to the lathe bed can be represented as Eq.(4): 
cos sin ( )sin ( )cos ( )cos ( )sin
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(4) 
Since the workpiece is fixed on the lathe spindle, the HTM 
T45from the workpiece to spindle is aunit matrixI. 
Therefore, the integrated homogeneous matrix of the 
workpiece can be obtained by Eq.(5): 
5 4 5 4
1 1 4 1T T T T                                                                        (5) 
2.3. The integrated volumetric errors model 
Given that the commanded cutting point on the machined 
surface in the workpiece coordinate system is Pw=[x, y, z, 1]. 
The amount of the actual cutting point deviating from the 
commanded is Δp=[Δx, Δy,Δz, 1].  Its actual coordinate in 
RCS can be obtained by Eq.(6): 
2 3
1 2 ( )
W
R w wp T T p p '                                                               (6) 
The origin of the TCS is located on the tool tip. Therefore, 
the coordinate of the tool tip in tool coordinate system ispT=[0, 
0, 0, 1]T, and its actual coordinate in RCS is given as follows: 
4 5
1 4
T
R Tp T T p                                                                         (7) 
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As the tool tip and the cutting point on machined surface 
coincide in actual turning process, the actual spatial 
relationship between the tool tip and the cutting point on the 
workpiece can be expressed as Eq. (8): 
W T
R Rp p                                                                                  (8) 
Substituting Eq.(6) and Eq.(7) intoEq. (8), gives the 
positioning errors of cutting point as follows: 
4 1 2 3
5 4 1 2w T Wp T T T T p p'                                                              (9) 
Under ideal conditions, all volumetric errors are equal to 0. 
In this case, the amount of the actual cutting point deviating 
from the commanded is [0,0,0,1]Twp'  .Then the commanded 
cutting point coordinate can be easily obtained: 
[( )cos , ( )sin , ,1]Tw m m mp x R x R zI I                                 (10) 
Substituting Eq.(1), Eq.(2), Eq.(4), and Eq.(10) intoEq. (8), 
and neglecting the terms of higher than two, gives the 
volumetric errors model of lathe as follows: 
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(11) 
When machining cylinder surface, the moving distance of 
the cutting tool in x direction xm is the depth of cut ap and 
keeps unchanged. It makes that the volumetric errors related 
to xm keep unchanged. Meanwhile, the integrated errors z' in 
z direction can be neglected since the radial direction is the 
direction of error sensitivity. So theEq. (11) can be rewritten 
as follows: 
[ ( ) ( )]cos [( ) ( ) ( ) ( )]sin
[ ( )sin ( )cos ] ( )cos ( )sin
[ ( ) ( )]sin [( ) ( ) ( ) ( )]cos
[ ( )cos ( )sin ] ( )sin ( )cos
x m x m p z m y m y m
m x y x y
x m x m p z m y m y m
m x y x y
x x z a R z x z
z
y x z a R z x z
z
G G I H G G I
H I I H I I G I I G I I
G G I H G G I
H I I H I I G I I G I I
'      
   
'       
   
' 0z
­°°°®°°°  ¯
                                                                                              
(12) 
Due to the effect of volumetric errors, the radius of turning 
cylinder will deviate from the ideal radius by an amount 
equivalent to the Eq.(12) 
2 2( ) ( ) ( )pr x x y y R a'  '  '                                        (13) 
When multiplying Eq.(13) with 
2 2( ) ( ) ( )px x y y R a'  '   , the following can be derived: 
Here, 2 2 ( )px y R a   .Neglecting the terms of higher than 
two, we can deduce the analytical solution of r' from Eq.(13). 
2 2
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According to Equation.(10), the coordinates of x and y in 
cylinder turning process can be easily obtained, given as 
follows: 
( )cos
( )sin
p
p
x R a
y R a
I
I
  ­°®  °¯
                                                              (15) 
SubstitutingEqs.(12) and(15) intoEq. (14), gives variation 
of radius r' as follows: 
( ) ( ) ( ) ( )m y x m x m xr z x zH I G G G I'                                       (16) 
Here,δx(xm)keeps unchanged during processing, and will 
make no difference to the surface roughness of the turning 
cylinder. Meanwhile, It can be eliminated in tool setting. So 
the Eq.(16) can be reduced as follows: 
( ) ( ) ( )m y x m xr z zH I G G I'                                                    (17) 
From Eq.(17), it can be seen that the surface roughness of 
turning cylinder is mainly determined by spindle roll error
( )yH I , the vertical straightness error of z-guide way and 
spindle displacement error in x direction ( )xG I . 
3. Surface generation model 
3.1. The ideal cylinder turning surface topography model 
Given that the profile of tool tip is an arc. Without 
considering the effect of volumetric errors, the turning surface 
profile in z direction as shown in Fig.2 is generated by 
repetition of the tool profile at intervals of feed per revolution 
[4]. 
 
Fig.2 The ideal profile of turning cylinder in z direction 
The height between the peak and valley of the turning 
surface profile is given as follows:  
2 2
0 0 ( )2
fRt R R  
                                                    
(18) 
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Wherefis defined as the feed perworkpiecerevolution; R0is 
tool nose radius. Asf<<R, the Eq. (18) can be rewritten as 
follows: 
2 2
2 2 2
0 0
0 0
1( ) ( )
2 2 2 8
f f fRt R R
R R
ª º|     « »¬ ¼
                 (19) 
Analyzing one tool tip profile and establishing the 
coordinate system as shown in Fig.2, the height h(z) at any 
point of the tool tip profile is expressed as follows: 
2
0
( / 2)( )
2
z fh z
R
 
                                                                 
(20) 
In order to predict the topography of cylinder turning 
surface, the turning cylinder is divided into series of radial 
sections. The number of radial section N1is given as follows: 
1
2N ST '                                                                                 
(21) 
In the cutting process, the number of spindle revolution 
N2is expressed as follows: 
2
LN
f
 
                                                                                 
(22) 
WhereL is the length of turning cylinder. 
The total discrete point number of the cutting tool 
trajectory can be defined as:    
1 2N N N                                                                               (23) 
The tool trajectory is a spiral locus, as shown in Fig.3(a), 
and can be expressed as follows: 
1
( ) ( 1)
( ) ( 1) 1,2,3,4,
( ) p
i i
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N
r i R a
I T­   '°°     ®°°  ¯                                             
(24) 
The size of tool tip cannot be neglected while itcan be 
divided into series of discrete points. Assumed that the 
number of discrete pointsis N3. In order to facilitate the 
calculation, the number N3 is defined as an odd number. The 
ideal spatial location of the j-th discrete point on the tool tip 
profile when the tool cutting the i-th discrete point on the 
turning surface can be expressed as follows: 
1 3
23
0
( , ) ( 1)
( , ) ( 1) ( 1)
1( , ) ( ) / (2 )
2p
i j i
f fz i j i j
N N
Nr i j R a j R
I T
­°   '°°     ®°°    °¯
                                   
(25) 
 
(a)                                      (b) 
Fig.3 (a) the ideal tool trajectory (b) the ideal turning surface 
The ideal turning cylinder topography can be obtained by 
the reconstruction of the tool tip profile at every discrete point 
on the tool trajectory, as shown in Fig.3 (b). 
3.2. The actualcylinder turning surface topography model 
The volumetric errors will cause the size fluctuations in 
radial direction of the workpiece, which is the error sensitive 
direction. From Eqs. (17) and (25), the actual spatial location 
of the j-th discrete point of the tool tip profile when turning 
the i-th point on the workpiece surface is determined as 
1 3
( , ) ( 1)
( , ) ( 1) ( 1)
( , ) ( , ) ( )
i j i
f fz i j i j
N N
h i j r i j r i
I T­   '°°     ®°°   '¯                                         
(26) 
Where h(i,j) is the radial height of the j-th discrete point of 
the i-th tool tip profile. 
In practice, the volumetric errors will lead to the trim 
between adjacent tool tip profile, as in Fig.4. Meanwhile, the 
interference will occur when the feed rate is small with 
respect to the volumetric errors, in which the surface formed 
at the preceding feed movement will be cut off by some tool 
movement, as in Fig. 5(b). 
 
Fig.4 The trim between adjacent tool tip profile in radial direction 
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(a) Without tool interference 
 
(b)  With tool interference 
Fig.5 Simulated surface in radial direction 
Therefore, the final turning surface is determined by the 
lowest tool profile. Mathematically, it can be expressed as 
follows. 
1 3
( , ) ( 1)
( , ) ( 1) ( 1)
( , ) min{ ( , ),..., ( , ),..., ( , )}
i j i
f fz i j i j
N N
H i j h i k j h i j h i k j
I T­   '°°     ®°°   ¯
                       (29) 
Its corresponding coordinates in Cartesian coordinates are 
given by. 
( , ) ( , )cos[ ( , )]
( , ) ( , )sin[ ( , )]
( , ) min{ ( , ),..., ( , ),... ( , )}
x i j H i j i j
y i j H i j i j
z i j h i k j h i j h i k j
I
I
 ­°  ®°   ¯
                          (30) 
4. Case Study 
To predict the topography of turning cylinder surface, 
some assumptions have been made on the volumetric errors. 
1. In the local area of the turning surface, the spindle roll 
error εy(ϕ) has a little change and can be treated as a constant 
α.  
2. The straightness error δx(zm) is related to the guide-way’s 
surface topography. The curve shown in Fig.6 will be treated 
as the profile of the guide-way. 
 
Fig.6 The guideway straightness error 
3. The spindle displacement error δx(ϕ) is a steady 
harmonic motion with a small amplitude and a low frequency 
[6]. 
Here, we will only present one example with the 
parameters defined in Table.2. The simulated turning cylinder 
topography is shown in Fig.7.  
 
 
(a)                                                (b) 
Fig.7 (a) the simulated outer cylindrical surface morphology (b) the expanded 
view of the outer cylindricalsurface morphology 
Table.2 Parameter setting for the simulation 
rotational spindle speed
Parameter setting
feed rate
depth of cut
tool nose radius
workpiece radius
spindle roll error ( )yH I
straightness error ( )x mzG
amplitude of vibration ( )zG I
1200rpm
1.554mm
10mm
0.1mm/r
0.1mm
2.2×10-4rad
frequency of vibration ( )zG I
0.5 (coefficient)
22Hz
2um
 
5. Conclusions 
The prediction of the cylinder turning surface is carried out 
in the paper. Considering the effect of spindle errors, a 
modified integrated volumetric errors model applied to lathe 
is developed, based on rigid body dynamics and homogeneous 
transformation matrix (HTM). Thenby a linear mapping of the 
volumetric errors on the ideal turning surface, we obtain the 
topography of cylinder turning surface.The topography model 
proposed can simulatethe synthesized topographyof cylinder 
turning surface without measurement data captured from the 
machined surface. 
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